
Description of Proposed Research Program

I. Development of Computational Methods for Solutions to Stochastic Optimal Control Problems and Dynamic Games 

II. Relevance of a Simple Steady-State Nash Equilibrium for Dynamic Game Solutions

III. Solution of Dynamic Games via Genetic Algorithms

IV. Modelling a Central Bank Problem Using Viability Theory

After each proposal I am suggesting how it could be used for graduate student formation.  




I. Development of Computational Methods for Solutions to Stochastic Optimal Control Problems and Dynamic Games

Many problems arising in business, financial engineering, fiscal economics, resource management and similar areas can be modelled as stochastic optimal control problems. The common characteristic of these problems is that a single player must optimise a given utility functional subject to an uncertain accumulation process. When there are several players in competition with each other a dynamic game model is appropriate. In either of these cases (the optimal control model, or the dynamic game model) the model rarely allows analytical solution, apart from some special forms such as linear-quadratic. This project studies numerical methods, which will be well adapted to solve problems of these kinds.

Optimal control. A Markovian approximation method introduced in [1] produced encouraging results in that several non-trivial financial engineering problems have been solved in [2]. However, the method’s motivation is heuristic rather than analytical. A formal convergence proof is difficult because of the several layers of discretisation involved in the approximation and the transition randomisation. Furthermore, an undesirable feature of the method for some problems in high dimensions is that the computation times are inconveniently long. This project will address the above weaknesses in the following manner:

1. Formulate the original and approximated stochastic optimal control problems in function spaces. Study under what conditions a solution to the Bellman-Hamilton-Jacobi equation of the original problem converges to a solution to the Bellman equation of the approximated problem. (Use of functional analysis, set valued mappings, measure theory will be necessary.)

2. Rather than applying value iteration or policy improvement in a large state space (as is done at present), an intelligent dynamic programming algorithm should be designed to select a sequence of state subspaces, in which the optimal trajectories are contained. (It will be necessary to use multi-grid optimisation.) 

Portfolio management. Dynamic portfolio optimisation problems differ from many other stochastic optimal control problems in that the expected value of the objective functional is not a satisfactory measure of the portfolio performance. This is because a portfolio manager is interested in the performance distribution rather than in just the first moment of it. Recent financial engineering papers (e.g. [3]) on static portfolio management advocate the use of the Value-at-Risk (VaR) and the Conditional-Value-at-Risk (CVaR) as satisfactory indices of financial accomplishments. VaR and CVaR are considered satisfactory measures for any portfolio management. In this project, the Conditional-Value-at-Risk minimisation will be used to select optimal dynamic portfolio management policies. In particular,

3. The minimum CVaR approach will be combined with the Markovian approximation of dynamic optimal control problems (see 1 and 2, above) to produce an efficient algorithm for dynamic portfolio management. 


Dynamic games. If there are many agents pursuing conflicting objectives, and if the results of their strategies accumulate, we say that a dynamic game is played. A system of simultaneous Bellman equations (or Hamilton-Bellman-Jacobi for continuous time models) for each player’s optimisation problem arises from such a game. A sufficient condition for a Nash feedback perfect equilibrium of this game is the existence of agent value functions and strategies that solve the system of Bellman equations. As few dynamic games have analytically solvable Bellman equations, numerical methods are needed to compute the equations’ solutions. In this project, numerical methods for the solution to systems of Bellman equations will be studied and delivered as follows: 

4. Use the policy improvement algorithm for the solution to a system of simultaneous Bellman equations that result from the Markovian approximation to the original agent optimisation problems (as in 1 and 2, above). This will create a method of computing a stationary feedback Nash equilibrium for an infinite-horizon dynamic-game problem. Study the relevance of this solution for the non-approximated problem solution. (Functional analysis and computer simulations are needed.) 

5. Examine the possibility of using the Nikaido-Isoda function and the relaxation algorithms (explained in [1] and used in [2] to solve dynamic games for open-loop equilibria) for the determination of feedback Nash equilibria in dynamic games. (Functional analysis and computer simulations are needed.)

The significance of the methods thus developed is that their usage enables decision-makers to obtain nearly optimal solutions for most of the common problems of business and managerial economics (like portfolio management, resource allocation and valuation, tax assignment, catch quotas etc.). The development and implementation of these methods could fill 4-6 Masters and PhD theses. The numerical examples solved in this project could be included in a graduate course syllabus on advanced optimisation. 
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II. Relevance of a Simple Steady-State Nash Equilibrium for Dynamic Game Solutions

A simple steady-state Nash equilibrium (SSSNE) of a dynamic game is relatively easy to compute even if player payoffs are non-differentiable functions of strategies (see [1]). However, this equilibrium does not depend on agent discount factor rho even if the player objective is to maximise a sum of rho-discounted profits per period. A rho-dependent equilibrium like a turnpike steady-state (or “dynamically efficient”) Nash equilibrium (TSSNE) is on the other hand difficult to compute.  

Unfortunately, there is no general methodology for computing a turnpike steady state Nash equilibrium, especially for the feedback information structure. In particular, solving implicit programming problems, as in the optimal control case (see [2]), is not a proven method to determine TSSNE. However, for rho =1, the sufficient conditions [3] for the turnpike steady-state equilibrium become also sufficient for the simple steady-state equilibrium. So, if we admit a hypothesis about monotonicity of the “evolution” of the Nash equilibrium from TSSNE to SSSNE as the discount factor rho tends to 1, and combine it with an observation of [4] that diagonal strict concavity of payoffs  plus  decoupled state equations imply the turnpike existence, then the simple steady-state equilibrium payoffs will provide us with lower bounds to the “real” agents' optimal payoffs. Consequently, the actions supporting the simple steady-state equilibrium as computed in [1] will be indications of how “myopic” agents might react to the imposition of taxes. 

This project aims to establishing under what conditions SSSNE can approximate TSSNE and what assumptions guarantee a monotonic evolution of the Nash equilibrium as the discount factor tends to 1. Functional analysis and computer simulations will be required. 

This project could generate 1-2 MSc/PhD theses.
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III. Solution of Dynamic Games via Genetic Algorithms

Dynamic game problems are ones, which concern intertemporal managerial decisions where there is more than one decision maker. Typically, the decision makers are in conflict one with another. Situations of that type can arise in price-setting problems, fisheries management, waste control, forest utilisation, etc. In such situations, the decision-makers act at each stage on the basis of the information available. If the information available includes the immediate results of the managers’ actions an appropriate concept of the solution of such a game is a feedback equilibrium.

Analytical solutions to dynamic game problems in the feedback form are rarely obtainable. The main difficulty is the simultaneous solution of two( Bellman equations. Techniques like the value iteration method, based on the discretisation of state space, lead to algorithms suffering from the curse of dimensionality, even for a single agent control problem. For two competing agents, the analogous approach results in long convergence times and exhaustion of the computer memory. (Compare Project I.)

Evolutionary computation techniques constitute a category of heuristic search and are based on the idea of evolution. In other words, evolutionary algorithms are stochastic algorithms whose search methods model natural evolutionary phenomena like genetic inheritance and the Darwinian strife for survival. Evolutionary computation techniques have proved very successful in providing nearly optimal solutions to single decision maker's problems, see [1]. This research project embarks on the extension of evolutionary algorithms in the context of multiple decision makers. 

We propose to investigate co-evolutionary models of computation i.e., those where more than one evolution process takes place. In real life, this happens where there are different populations (e.g., parasites or predators) that interact with each other. In such systems the value function for one population may depend on the state of the evolution processes in the other population(s). Computer based co-evolutionary processes will be important for modelling artificial life, many business applications, and, of course, dynamic games. 

In the project, there will be several populations of individuals investigated, where each population corresponds to a particular decision-maker. Each individual in a population  represents a strategy for the game. Specialised “genetic” operators will alter the genetic composition of children during reproduction and the evaluation functions in each population will depend on the current state of such a co-evolution model. 

We would investigate conditions necessary for the system to reach equilibrium and conditions under which co-operation would occur. Game theory and computer simulations will be used. The results of this research should have broad consequences for the solution of advanced business problems modelled as dynamic games.

This project could generate 1-2 MSc/PhD theses.
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IV. Modelling a Central Bank Problem Using Viability Theory

Viability theory deals with differential inclusions (rather than equations) and set-valued maps. It deals with the evolution of systems subject to state and target constraints. It provides an alternative way of solving many optimal control and dynamic game problems in that it characterises a player value function as a viability kernel (that is the epigraph of the value function) instead of deriving it as a solution to the Hamilton-Jacobi-Bellman equation, which is typical of other (classical) approaches. This theory has been motivated by the economic systems evolution (see [1]). 

The optimisation method based on viability theory allows one to relatively easily deal with state constraints and target boundaries (see [1]), which are intrinsically difficult to allow for in the other approaches. This suggests that many state constrained problems, which were too complex to solve, can now be managed through the new method. 

A typical Central Bank problem is about maintaining key economic indicators within an acceptable margin. Typical indicators are the inflation rate, unemployment rate, balance of payments, etc. Many of them are state (or stock) variables, rather than controls (flows), which makes the Central Bank problem state constrained and a candidate for an efficient solution through the viability theory approach. 

In this project a multivariable state constrained Central Bank problem model will be created.  The model will be causal in that the current state of the economy will depend on actions and information known at and up to the current time. This will allow the viability kernel determination algorithm to compute time consistent optimal policies. The solution will also have to specify the “victory domain” i.e., the set of initial conditions of the economy that guarantee reaching and maintaining the bank target. Advanced calculus (set-valued analysis, parametric continuity and differential inclusions, [2]) will be required. 

This project could generate 2-3 MSc/PhD theses.
[1] Aubin, J.-P., (1997), Dynamical Economic Theory. Springer.  

[2] Aubin, J.-P., G. Da Prato, H. Frankowska, (2000), Set-Valued Analysis. Springer. 

[3] Cardaliaguet, P., M. Quincampoix, P. Saint-Pierre, (1999), “Set-Valued Numerical Analysis for Optimal Control and Differential Games”. In the Annalsof the International Society of Dynamic Games, Volume 4: Stochastic and Differential Games, editors: Bardi, M, T.E.S. Raghavan, T. Parthasarathy. 177-247.

( In fact, there will be one Bellman equation for each competitor. In this abstract, we implicitly assume that there will be only two competing agents.






